
Analysis of Control-Output Interactions in 
A general theory for examining the dynamic as well as static interactions 

among inputs and outputs in a multivariable control system has been developed. 
Both state space and frequency domain approaches are used, and at steady state 
the interaction equations assume the same form as the relative gain array de- 
veloped by Bristol. Implications of selecting input-output pairings with regard to 
steady state vs. dynamic consideration are discussed. The application of the 
method of analysis to a distillation column control system is presented. 

Virtually all chemical processes are multivariable in nature, 
i.e., they are characterized by multiple inputs (controls) and 
multiple outputs. Industrial control systems generally are de- 
signed by assuming that the multivariable control problem can 
be decomposed into a series of single input-single output prob- 
lems. Often the individual control-output pairs are selected 
intuitively, although the so-called relative gain array (Bristol, 
1966; Shinskey, 1967) has been used successfully in industrial 
applications to determine the best pairings. 

The relative gain array (RGA) is based on a steady state 
analysis, although Bristol (1966, 1978) has described ways in 
which dynamic properties of the closed loop system can be 
inferred from the RGA. However, this qualitative approach is 
sometimes not sufficient for control loop design. There is a need 
to place the interaction analysis for controls and outputs on a 
more quantitative basis, which accounts directly for dynamic 
properties of the system. In this paper we present a dynamic 
RGAfor square linear systems. The proposed approach is com- 
pletely general and the elements in the array are independent of 
the initial conditions. The Bristol array is shown to be a special 
case of the dynamic RGA. McAvoy (1978) and Gagnepain and 
Seborg (1980) have recently reported alternative methods for 
analyzing dynamic interactions. 

We present the theory of the dynamic interaction index both 
in the time and frequency domains. The resultsfor these models 
illustrate that the dynamic RGA can be applied to any system 
order, and clarifies those cases where the static RGA gives 
misleading or incomplete predictions about closed loop be- 
havior for a given pairing. 

THEORETICAL DEVELOPMENT 

The basic strategy of the static relative gain array (Bristol, 
1966) is to choose a control loop in which the manipulated 
variable (u,) and the controlled variable (y,) are most sensitive to 
each other and hence less sensitive to other input-output pairs. 
Because of interaction effects, one must consider the so-called 
open loop sensitivity: 

as well as the closed loop sensitivity: 

where # k , k # ]  indicates all controllers except uj are held constant. 
A measure of relative sensitivity is given by the relative gain 
array, whose elements are defined as follows: 

Bristol has shown that the proper input-output (yL - u,) pair 
for single loop control is the one having the largest positive aIJ 
value. However, this relative gain analysis is a steady state 
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analysis and does not explicitly include dynamic effects. A 
method for dynamic as well as steady state analysis will now be 
developed. We shall present results based on both time domain 
(state-space) and frequency domain analyses. In addition, we 
show how the static relative gain array naturally arises out of 
analysis of the time and frequency domain responses. 

Let a linear dynamic process be described by: 

f = Ax + Bu (2) 

y = cx (3) 

where 

x = n x 1 State Vector 

y = m X 1 Output Vector 

u = m x 1 Control Vector 

The system is assumed to be controllable and observable. 
Consider a change in set point from zero to yo, and let the 

required control change necessary to bring about this set point 
change be u = uo. At steady state, 

0 = Ax" + Bu" (4) 
Assuming the system is stable, then the above equation can be 
solved for x'. 

x' = (-A)-'Bu" (5) 

but 

(6) 
yo = Cx' 

= C( -A)-'BuO 

therefore, for y and u of the same dimension, 

U" = [C(-A)-'B]-'y0 (7) 

With zero initial conditions, the output response is, in the 
s-domain, 

y(s) = Cx(s)  

(8) 
= C(sZ - A)-'Bu"/s 

= C(sI - A)-'B . [C(-A)-'B]-'y'/s 

= 44s) . [4(o)l-'Yfl/.~ 
where 4(s) is the process transfer function matrix. Equation 8 
can be written in more detail, 
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that is, At steady state, Eq. 15 becomes 

where +i ,J (s)  and rkJ are elements of the C(sI - A)-'B matrix 
and the [C( -A)- 'B]- '  matrix (+-'(o)),  respectively. 

Now consider a step change in yp only. The response of yi  is 
simply: 

Note that 

hence the terms in Eq. 16 simply appear in the i-th row of the 
relative gain matrix 

nr . . .  u1 

Note that the kth term in the summation results from the kth 
controller. The above equation indicates that if yi is to be con- 
trolled by controller u,, the term + J r , j / s  should be the domi- 
nant term. A dynamic relative gain matrix can be  formed from 
Eq. 11. With each i-th row of the matrix formed from the i-th 
component of Eq. 11, the following dynamic relative gain matrix 
can be defined. 

where 

(13) 
a&) = +&)rj , j /s ,  i = 1, 2,-. . . , m 

j = 1, 2 , .  . . , m 

Having presented afrequency domain version of the dynamic 
RGA the time domain interpretation will next be developed. 
Equation 11 can be inverted to the time domain as follows: 

yi(t) = yf 2 (c:;k + i?lSkeA1l' + . . . , + # i k e A n f ) r k , i  

m 

(14) 
k=1 

Therefore, we see how the notion of the static relative gain array 
can be derived from a detailed dynamic analysis. It should be  
mentioned that Bristol's RGA was originally derived intuitively 
without a rigorous analysis such as this. 

APPLICATIONS OF THE DYNAMIC RGA 

Example 1 .  Let us consider a two by two process transfer 
function, y(s) = c$(s)u(s). From Eqs. 12 and 13: 

ai,j(s) = +i,j(s)rj,i/s) i = 1, 2 

j = l , 2  (18) 

[ri,jl = [+(s = O)I-' 

thus, 

Let 
can be written more simply as: 

= #*rk,, for j  = 0, 1,2 ,  . . . , n; then the above equation 

(15) 

An important implication of this equation is that the right hand 
side is independent of the initial conditions and is dimension- 
less. 

Now suppose yi(t) is controlled by controller u,. Observe that 
in the above equation, the term 

arises because of controller ul;  the term 

arises because of controller uZr . . . , etc. Multivariable interac- 
tion for each input-output pair can be calculated as afunction of 
time using the above expressions. A modal analysis of Eq. 15 
may he beneficial in identifying dominant interactions, as dis- 
cussed by Tung and Edgar (1977). 

where 

$ 0 .  1.1 3 4. 1.1 .(s = 0)  (20) 

Substituting Tij  values from Eq. 19 into Eq. 18, the following 
dynamic RGA is obtained for the two by two system: 

1 - +2.2(S)dJI), 1 
~ 2 , 2 ( S )  = 

+?.1+20,2 - +1).2+20,1 s 

Example 2. This example considers an eighteen state distilla- 
tion column model which is alinearized version of the nonlinear, 
material-energy-momentum balance model presented by Tung 
and Edgar (1979). The column has eight sieve trays and is used to 
separate methanol (MeOH) and water. The linearized model is 
described by: 

i- = Ax + Bu 
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Figure 1. interaction terms for y ,  of the distillation column. 

where 
x I  = MeOH concentration deviation of bottom product, 

xl0 = MeOH concentration deviation of top product, mole 

ul = reboiler steam pressure deviation 
u2 = reflux molar flow rate deviation 
L, = deviation of liquid molar flow rate from tray i 

Numerical values of the A and B matrices and other pertinent 
information have been given by Tung and Edgar (1979). 

The system eigenvalues are -0.3333 * 0.48513, -0.5289, 
-2.169 * 0.3339j, -4.376 * 0.3218j, -5.251, -5.515, -7.0, 
-7.48811.68Sj, -8.580, -9.563, -93.18i2.827j ,  - 9 9 . l l k  
1.702j. From Eq. 15 

mole fraction. 

fraction. 

in 
+ (a,).' + 2 = A 1 , ,  + Al.2 

P= I 

For y l ,  

A1. ,  = 1. 142 - 1.234e-o.3"33rcos(0. 4851t) + 5. 123 

X 10-2e-0."33'sin(0. 4815t) + 7.369 X 10-2e-0.528Y' + . . .  

(24) 

X 10-2e-0.3333'sin(0. 4815t) - 5.458 X 10-4e-0.5289' + . . .  
Al,2 = -0. 142 + 0. 1417e-o.3333Lcos(0.4851t) + 9.458 

Obviously, y1 is dominated strongly by controller u l ,  hoth dur- 
ing the transient phase and at steady state. 

= -0. 142 + 0. 8726e-0.3333'cos(0. 4851t) 

For Y2, 

. . .  - 0, 87~4~-o.%xm sin(O.4815t) . - 0. S588e-0.5zsY' + 
(25) 

+ 0. 2176e-0.3333'sin(0. 4815t) - 3.338 X 10-ze-0.528Y' + . . .  

Az.2 = 1. 142 - 1. 360e-0.3"3"~o~(0. 4851t) 

P,' +I 
Figure 2. Interaction terms for y s  of the distillotion column. 

Although at steady state y2 is strongly dominated by controller 
t i 2 .  during the transient phase there is considerable more effect 
of u I  on y2 because (I-O,SSSSl > 10.03338/) for the important 
mode e-".52891. The response terms for both y, and y p  are plotted 
in Figures 1 and 2 which illustrate the time scale of the interac- 
tion. 

The above analysis indicates that for effective control, y I  
should be connected to ul,  and yz connected to both u2 and u I .  
The best single loop scheme is, o f  course, the pairs yI-uI and 
y2-u2; but there will be considerable interactions between y2 and 
uI  when using this single loop control. Rristol(1966) has pointed 
out that negative elements in the stead ite RGA indicate the 
possibility of inverse response for the closed loop hehavior; 
Figures 1 and 2 illustrate that his supposition is true for and 
A*., .  

It is interesting to compare the results obtained above, which 
are essrntially of the screening variety, with control synthesis 
results using more complicated methods using optimal control 
and pole placement. Optimal control calculations for this same 
binary distillation column (Oakley and Edgar, 1976) have shown 
that the components of the optimal feedback gain matrix are 
heavily weighted towards the same coupling described above 
(reboiler control connected to both top and bottom composi- 
tions, while the refiux control needs to be connected to the 
overhead composition). While this result is not unexpected, 
optimal control calculations for such 3 large scale system are 
rather unpredictable. Pole placement using various feedback 
couplings for this system has lieen studied by Tung and Edgar 
(1977); they found that eigenvalues of the closed loop system 
could he shifted further with the preferred single loop coupling 
obtained h y  the dynamic interaction index, (ul - y2; up - yl). 
The steady state index coupling (u, - y l ;  up - y2) did not allow 
extensive shifting of the eigenvalues; however, time domain 
simulation showed that better control, requiring less control 
effort, was obtained with the coupling suggested by steady state 
analysis. This, of course, is not surprising in light of the rather 
impredictable results obtained by pole placement methods. If, 
as suggested earlier, we allow multiple feedbacks, rather than 
strictly single loop, the pole placement method gives results 
consistent with optimal control. 

CONCLUSIONS 

The results of the dynamic interaction analysis for the distilla- 
tion column control system indicates that this method can be 
used profitably to evaluate the need for multivariable control 
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and to indicate potential control difficulties. A similar analysis 
(Tung and Edgar, 1979) for a fluid catalytic cracker has also 
highlighted potential difficulties with single loop control. There- 
fore the dynamic RGA usefully augments the information pro- 
vided by d static RGA. The analysis can be implemented easily 
with a digital computer. 

NOTATION 

a 
A = state matrix 
Adj = adjoint of matrix 
B = control matrix 
C = measurement matrix 
det = determinant of matrix 
I = identity matrix 
L = liquid flow rate 
m 
n = dimension of x 
r 
RGA = relative gain array 

t = time 
U = control vector 
X = state vector 
y = output vector 

= interaction coefficient for a given mode 

= dimension of y and u 

= specified value of summation index 

E = Laplace transform variable 

Greek Letters 

a,, 
At,j  = interaction term 
Ti , ,  
hj = j th  eigenvalue 
4i,, 
C = summation 

= element of relative gain array 

= elements of inverse of steady-state gain matrix 

= elements of transfer function matrix 

Heat 
Drag 

Subscripts 

i 
.i 
k = summation index 

= row in relative gain array 
= column in relative gain array 

Superscripts 

0 = steady state change 
= new definition 
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and Mass Transfer in Turbulent 
Reduction 

It is well known that the addition of a small quantity of 
long-chain polymer to a material will cause the frictional drag to 
be reduced under conditions of turbulent flow (Virk, 1975). The 
corresponding reduction of heat or mass transfer has been the 
subject of a number of investigations, both theoretical and ex- 
perimental. 

The basic reasons for the drag reduction phenomenon are still 
under investigation. Up to now, mathematical descriptions and 
transport rate predictions have been based primarily on an eddy 
diffusivity mtdel of turbulent transport. This approach will 
again be followed here. 

Previous efforts to predict heat or mass transfer rates under 
conditions ofdrag reduction have generally involved the numer- 
ical integration of the Lyon transport equation. Various approx- 
imations have been introduced by different authors, particularly 
with regard to the form of the eddy diffusivity distribution under 
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conditions of drag reduction. The more recent theoretical 
studies include the work of Dimant and Poreh (1976), Ghajar 
and Tiederman (1977), Kale (1977) and, Virkand Suraiya (1977). 

Dimant and Poreh use a modified form of the Van Driest 
(1955) eddy diffusivity model for their numerical solutions of the 
energy equation. A graphical comparison of their numerical 
results with experimental heat transfer results corresponding to 
Prandtl numbers of order ten shows good agreement. The for- 
mulation of Dimant and Poreh leads to the limiting behavior S t  - u-3’4 for u -+ m. 

Ghajar and Tiederman (1977) use an eddy diffusivity distribu- 
tion due to Cess (1958), together with experimental data on 
frictional drag reduction, to determine their numerical evalua- 
tions of the Lyon equation for heat transfer. Their numerical 
results are shown graphically. It can be shown that theirformu- 
lation leads to the asymptotic behavior S t  - (T-’’~ for large u. 

Kale (1977) has employed anumerical evaluation ofan approx- 
imate form of the Lyon equation, which is due to Reichardt 
(1957), for his heat transfer studies. A modified form of an eddy 
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